Appendix 2: Basic Acoustics

The treatise that follows does not
purport to be a complete description of
underwater acoustics or of biologica
sound scattering. It is provided for those
who want to know, in a functiona
manner, how TAPS operates in just
enough detail to effectively employ it and
analyze the outputs. Space limits preclude
an exhaustive description of any facet of
acoustics. However, it is our experience
that it is not necessary to be able to derive
the Naiver-Stokes equations to learn to
fly—thus, it should be possible to learn to
operate TAPS without a complete
knowledge of acoustics, electronics, or
signal processing. Within limits, though,
we will touch on each of these subjectsin
an attempt to provide just enough
background for the non-physicist to
understand what TAPS does and what the
results mean.

There are textbooks dedicated to
explaining acoustics in more or less detail.
Some that we find useful are listed in the
references.

The prevdence of acoudtic
instrumentsin the ocean arises from the
fact that acoustic energy propagates
through water much farther, and with
lower losses, than any other form of
radiant energy (e.g., light). Thus the use
of acoudtic fathometers for bottom-
finding, sonars (and their passive
equivalents) for detecting ships and
submarines, and echosounders for
detecting schools of fish.

Acoustic energy consists  of
vibrational motion of the water molecules
themselves, traveling as a wave through
the water. In fluid media (air, water), the
direction of the vibrations is in the
direction of travel -- these sorts of
vibrations are caled longitudinal waves.
Elastic bodies can support wave motions
where the direction of the molecular
vibration is at right angles to the direction
of propagation -- shear waves.
Longitudina waves in water can
sometimes induce these shear waves in
elastic bodies immersed in the fluid but
these shear waves couple back out of the

body into the fluid as longitudinal waves
again.

To illustrate some important points
about sound and sound propagation,
consider a small sphere immersed in
seawater. We force the sphere (somehow)
to expand and contract in aregular fashion
at some frequency, f (in cycles per second
or Herz, abbreviated Hz). As the sphere
expands, it pushes the fluid away radially.
The fluid immediately next to the surface
of the sphere hasto move radially outward
precisely as and when the surface moves.
Because the fluid is not perfectly rigid,
however, the layer of fluid just a bit off
the surface doesn't feel the force until a
short time has elapsed, after which it
begins to move. The next layer smilarly
doesn't react until after a short delay, and
so on. Thus, the fluid motion takes finite
time to react to the motion of the sphere.
The force that movesthe parcels of fluid is
the small increase in datic pressure
generated by the motion of the adjacent
parcel. Thus, thereis aradially-expanding
pressure wave generated by the expansion
of the sphere. Thiswave moves at afinite
speed -- the speed being an intrinsic
property of the fluid.

Asthe rate of expansion slows and
the outer surface of the sphere begins to
contract, the fluid next to the sphere
follows the motion of the surface again
(assuming our motion is not too large or
rapid). The restoring force that moves the
fluid back towards the sphere is the
ambient (static) pressure. The fluid a bit
farther away takes alittle timeto feel the
new direction of motion, and ... well, you
get the picture. A moving wave of
negative pressure (relative to the datic
pressure, that is) is generated in the fluid.

Suppose we drive the surface of
the sphere so that the velocity is given by

u = U, cos(2pft)

where f is the frequency of the sinusoidal
motion of the surface, t istime, and U, is
the magnitude of the surface velocity. It
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can be shown that the pressure, P,
corresponding to this velocity is

2
-pcka U
P= f"gn(znft - k)

where aisthe radius of the sphere, r isthe
density and c is the sound speed of the
fluid, r is the range at which the pressure
P is measured, and k is the wavenumber,

k=2p/l wherel isthewavelength,| =c/f.

Some things about this relation are
worth noting: First, the magnitude of the
pressure is dependent upon the properties
of the fluid. Vibrating the same spherein
ar would produce a much smaller
pressure than it will in water. Next, the
pressure described by this equation is a
travelling wave, as shown by the
argument of the sin function. A given
value of P will occur for a constant value
of 2pft-kr. That is, whenever 2pft-kr is
equal to some fixed value, we will find the
same value of P. The only way this can
happen is if r increases with time. The
pressure value travels radially outward at
the rate k/2pf. Looking at the definition
above, thisis simply equal to c, the speed
of sound. Third, thiswave is a spherical
wave expanding radially outward and the
pressure decreases as range increases.

The intensity of atravelling wave
is defined as the rate of transfer of energy
per unit area per unit time. It is the flux of
power through unit area. The intensity of
the pressure wave from our little sphere
can be found from

| = il
2pc
Comparing these last two equations, you
should be able to see that the intensity of
the sound wave isinversely proportional
to the square of the distance away from the
source. This can be shown another way
as well. Suppose we supply W watts of
power to our source. This power is
radiated in all directions equally. At some

range, r, then, we should have a flux of W
watts through an area, A = 4pr’. Thus,

| = w
4Tl?|'2

SO it is clear that the intensity must
decrease as the inverse of distance-
squared. This decrease in intendity is
called spherical spreading and is purely a
geometric phenomenon.

Except for a few rather
pathological cases, al sound waves in the
ocean can be treated as spherica
waves—at least at some distance from the
source.

We can use the equations
developed so far to put some numbers to
these quantities. Suppose we supply 4p
watts (about 12.6 W) to our sphere. (This
is actualy quite a lot of power, on the
order of a very loud boom-box.) We can
solveto find

p2 =pcl.

Now the density of sea water is about
1025 kg/m® and the speed of sound is
about 1500 m/sec. If we cdculate the
pressure a a range of 1 m, where the
intensity is1 W/m?, the resulti ng pressure
is about 1240 Pa (Pascals, or
Newtons/meter?). For reference,
atmospheric pressure is about 101,000 Pa.

In underwater acoustics, we tend
to use logarithmic quantities whenever
possible. In particular, we use the decibel

! We have changed terminology here. The peak
pressure amplitude of the wave is P, as before; the
symbol p is used to denote the root-mean-square
(RMS) value of the pressure wave as this measure
corresponds to power and intensity units. For
example, the published voltage for common
household AC inthe USis117VAC. If you were
to look at the waveform on an oscilloscope, you
would find the peak voltage is about 165V (plus
and minus). The published valueisthe RMS or
effective value. The product of RMS volts and
RMS amps s power in watts.
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to describe acoudtic intensities and
guantities derived from intensities. The

decibel equivaent of an intensity, I, is
given by
%| o)
L = 10loge—~=+
élrefﬂ

where the Naperian log (base 10) is used.
Note the presence of areference intensity,
lef. Logarithms can only be taken on
non-dimensional quantities, hence the
intensity must be divided by another
intensity. Decibd intensities are often
referred to as ‘levels'.

The reference level for underwater
acousticsis a pressure wave withaRM S
amplitude of 1nPa. A reference pressure
can be used instead of areference intensity
because the terms rc will cancel. So we
can write an equivalent expression for the
acoustic level

& 20
L = 10log¢ pep_-
ePCPrer @
or
®ph 6
L = 20loge—=
ePe o

If we insert the pressure we calculated for
our 12.6 W spherical source, we obtain

L=+181.9 dB//nPa

where the units following the value mean
dB re (or referenced to) 1 micro-Pascal.

The calculations we have done to
this point provide us with avalue for the
acoustic pressure corresponding to an

intensity of 1 watt/m>. More important,
however, we have derived an important
descriptor of acoustic transducers: Source
Level. The Source Leve (SL) of a
transducer is defined as the acoustic level,
expressed in dB//mPa, measured at (or

referred to) a distance of 1 meter from the
transducer. It is usually a measured
quantity (see the calibration sheet for your
TAPS in the Appendix I).

With the SL for our source,
together with the rule for spherica
spreading, we can now caculate the
acoustic pressure or intensity at any point
in the field around our source.

Now let's put a small object in the
flud a a range, r, from our source.
Acoustic waves travel from the source to
this object (let's call it atarget), strike the
target, and proceed onwards towards
infinity, getting weaker and weaker due to
spherical spreading. Some of the acoustic
energy is scattered by the target, however,
and travels back to the source. If we pulse
the source -- turn it on for a short time, t,
and then back off again -- the packet of
waves could travel out to the target, some
fraction of the energy be reflected, the
packet travel back to the source, and we
could measure the elapsed time to estimate
the range to the target. Thisisthe principle
of a fahometer or echosounder,
measuring time delays to estimate depth to
the bottom or to afish.

It is simple to caculate that the
acoustic intensity and pressure at the target
will be

(=3
and
p(r) =

where |, is the intensty and p, the
pressure at 1m distance from the source.
Of the acoustic energy striking the target,
some fraction will be scattered back
towards the source. We can define a
reflectivity, R, in the following way,

R — pscatt
pi nc
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where pi¢ IS the pressure incident on the
target (we just calculated this) and pey 1S
the pressure scattered from the target
measured at (or referred to) adistance of 1
meter from the target in the direction of the
source.

Note that the reflectivity is defined
as a ratio of pressures (and we dready
know how to convert these to intensities if
we wish). Thus, it should come as little
surprise to find that acousticians have
taken the log of this and given it a name:
Target Strength, viz.

TS= ZOIog‘\z?—Scattg
Pinc 2
or
TS=20log(R).

We can now write an expression
for the scattered pressure from our target,
measured back at the source location
(remembering that the signals reflected
back to us undergo spherical spreading
also):

_ KR
pmeas_TZ_

or, interms of logarithms,
EL =SL -40log(r) + TS

where EL is the Echo Level. This
equation is one form of the Sonar
Equations first commonly employed by
Robert Urick.

Let's put some numbers to this
equation to see what sorts of pressures we
are talking about. Suppose our ‘target’ isa
copepod. A typical TSfor asmall copepod
might be -110 dB. This means that the
ratio of scattered pressure to incident

pressure is about 3.2x10°%. M ighty small.
If we used the source described above and
put the copepod one meter away, then the
Echo Leve would be about +71.9
dB//InPa. Converting this to pressure, the
echo signal would be about 3918 nPa. For
reference, thisis about 1/10th the level of

thermal noise in the water at a frequency
of 1 MHZ?. So this source would not be
useful in detecting single copepods.

Real echosounders (and TAPS)
don't use spherical sources, though. Most
often, the transmitting transducer is a
planar shape — circular disk or arectangle -
- that preferentially directs more energy in
a particular direction and, as you might
deduce, lessin other directions. Let's add
directivity to our smple example as shown
in Fig. 1. The curvy pattern drawn
around the source point indicates the
amount of acoustic intensity transmitted in
each direction. Note that the levelsare in
dB. We have drawn this figure so that the
angle of maximum intensity points at the
target. Thus, if we characterize the source
by the intensity transmitted on the Mgor
Response Axis (MRA, the angle at which
the intensity is a maximum), then the
equations developed above still apply.

Beam pattemn for circular piston: DIL = 10

Figure 1. Beam pattern of acircular disk
transducer with diameter = 101 .

With real transducers, one of the
effects of directivity isan increasein SL
(on the MRA) for a fixed input power.
This effect is characterized by a sort of
‘gain’ function caled the Directivity
Index, or DI. One can caculate the
Directivity Index from a measured beam
pattern or, in cetan cases, from
knowledge of the geometry of the
transducer. The value of DI will be

2 And in the bandwidth of TAPS. See Urick,
Chapter 7 if you want to learn more about
ambient noise.



Appendix 2: Basic Acoustics

proportional to the ratio of on-axis
intensity to the intensity of an omni-
directiona source producing the same
power output. Note that this gain function
appliesto reception as well.

Interestingly, one can quite
accurately compute the Source Level for a
transducer from a knowledge of the
acoustic power, P, (or the input electrical
power, P, and the conversion efficiency,
h) and the Directivity Index. The equations
are

S =170.7+10log(R,) + Dl
and
S =170.7+10log(nR) + DI

where the constant, 170.7, accounts for
the properties of the fluid. In this case, the
fluid is assumed to be sea water.

Suppose we smashed up our little
sphere and molded it instead into acircular
disk. Let us suppose that the face of the
disk is, say, 10 wavelengths in diameter.
(It happens that the directivity or beam
patterns of apertures—acoustic, optic, or
electromagnetic—are functions of their
size computed in terms of the wavelength
of the radiated signals’.) Now we can
compute that the expected DI of this disk
will be approximately 30 dB. If we put the
same electricd power into the disk, our
Source Level will increase from +181.9
dB/ImPato +211.9 dB//mPa. The pressure
(on axis) at Im will increase from 1240 Pa
to 39,200 Pa. Of course, you don't get
something for nothing. The pressure at an
angleé of, say 4.5° will be practically
undetectable and at 7° will have risen again
to only about 4 times the origina leve
from our sphere. The pressure will fall
and rise again with increasing angle until it
isessentially below ambient noise.

3 Seg, for example, Urick Chapter 3 or Clay and
Medwin Chapter 5.2 or Medwin and Clay Chapter
4.2-4.4,

4 Because of the circular symmetry of this shape,
the only dependence is on the angle from the
MRA. Other transducer shapes might depend on
two angles, azimuth and elevation, say.

We can cdl the ‘gain’ function
b(q), where g isthe angle from the MRA.
The pressure at g will be p,b(qg)/r. Note
that the transducer is reciprocal, in the
sense that the response of the transducer to
apressure wave arriving at the angle q will
have the same ‘gain’ function compared to
pressure waves arriving on the MRA. The
directivity function, b(g), has a maximum
at g=0° normally, where b(q) = 1. The
directivity would be less than 1
everywhere else.

The Echo Level from our copepod
as seen by this transducer will now be 30
dB higher, or +101.9 dB/hPa. The
backscattered pressure (at 1 m) would be
about 123,900 nPa, well above ambient
noise. So directivity helps detectability.
But put the copepod somewhere else in the
beam and the Echo Level will probably
decrease again to undectable levels.

But, when was the last time you
saw one copepod all by itself? The little
varmints hang out in gangs of thousands
or more. So the chances of our seeing
only one copepod in our beam is pretty
remote. We are more likely to have 10'sto
1000’ s in the beam at one time. How do
we deal with the scattering from these?
Well, with more math.

Let’sdigress abit, first, to look at
how pressure waves interact. Suppose we
have two copepods—Iet’s call them 1 and
2—at dlightly different angles and dlightly
different ranges. Each will scatter sound
back towards the source. The signals
scattered by each could be written as

2
= B0 OUR ot - k)
i

P

and ,
b~ (6 .
Py = Po r( 2)&5”,](
2

2t - kry)

where ry, 1, are the ranges to the two
scatterers; Ry,R, aretheir reflectivities; and
b*(q,) and b’(q,) are the (combined)
response of the transducer at the respective
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angles to the copepods. We have used sine
functions to express the time-dependence
of the signals. The two signals will add
together at the receiving transducer,
producing a single signal that cannot
(normally) be distinguished from the
scattering from a single target. Except,
these signals are sinusoids and they add
with a phase-shift. That is, the peaks of
one signal may or may not coincide with
the peaks of the other signal. If they do,
the sum signal can be as much astwice the
amplitude of ether signal aone. If the
positive peaks of one coincide with the
negative peaks of the other, the signal may
disappear dtogether except at the very
ends of the signal. It all depends on the
exact difference in ranges to the two
copepods.

Extending thisideato N copepods,
it is obvious that we will have to represent
the scattering from a bunch of scatterers as
a sum over the individua positions and
reflectivities. We can express the total
scattered pressure as

BoRegnont- k).

Pt = o

T, Doz

where N is the (unknown) number of
copepods with (unknown) ranges r, and
(unknown) reflectivities R, .

We can simplify this equation a
little. It is generally assumed that the range
is great enough that the small variations of
ther, do not change the result significantly
in the amplitude term (they are cruicial to
the phase term inside the sine function, of
course) so we can pull the range
dependence out of the summation, viz.

\
b = % & R.sin(2xft - ki)
k=1

All of the remaining quantitiesinside the
summation as well as the number of
scatterers, N, would be expected to vary
randomly from ping to ping. Thisis the
defining characteristic of volume
scattering—the echo from a given

range has a random amplitude and
phase on each ping.

Now there is aresult from signal
physics that will help considerably here.
Suppose we add together the outputs of
some number, N, of independent
oscillators al running at the same
frequency. If we set the amplitudes of
each oscillator to the same value (1 volt,
say) and adjust the phases so that all the
oscillatorsare in phase with each other,
the sum voltage will be N volts. If we add
the outputs of N independent oscillators,
all of which are at random phases with
each other, the sum voltage will be around

JN volts. | say ‘around’ because the
exact voltage will depend on the exact sets
of phase shifts of the oscillators.
But—and here we get into signa
physics—if we repeated the experiment
many times, each time setting the phases
of the oscillatorsto new random values,
the average value of the sum voltage will

eventually settle out at exactly /N volts.
That is, the expected value of the sum of
N independent, random signals of the

same frequency and amplitude is /N
times the amplitude of one oscillator.

If we shift our attention to the echo
intensity, which is proportional to the
square of the pressure, we find that the
expected value of the intensity of the sum
signal is exactly N times the intensity of
one oscillator’ s output. We write this as

where the <...> brackets mean ‘ expected
value of’ in the sense of the average of a
set of independent trials (ensemble
average).

Looking back at the dtuation
where we have a random number of
copepods of random target strengths
located at random positions, we can see
that al we can hope to mode is the
expected value of the echo level based
upon expected values of the various
parameters. Anticipating aresult from the
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Appendix to this appendix, we can state
that the expected value of the echo
intensity will be proportional to

I
(1 g (NXRE{B%)

where <N> is the mean number of
copepods in the scattering volume, <R*>
is the mean-squared reflectivity of the
copepods (or average target strength in
intensity units), and <B“> is a beam
pattern factor that accounts for the random
locations of the copepods in the beam.
Note that this relationship holds only
when N isalarge (in the statistical sense)
number.

The good news is, the mean
backscattered intensity from a region
containing critters is proportional to the
number of critters in that volume. The
difficulty liesin those pesky other factors.

We can make some headway if we
assume that the critters are uniformly-
randomly distributed in space—or at |east
in the region causing the scattering. We
can then re-write <N> as (see page 19)
hV, where h is the average density of
scatterers (per cubic meter) and V is the
ensonified volume. This alows us to
revise the equation above as

|
(1 u s n{R)V(B7).

The factor V<B?> can be thought of as
the effective ensonified volume. V is the
volume of the spherical shell delimited by
the leading and trailing edges of the
transmitted pulse. The range limits of the

shell arertor + ct /2, wheret isthe pulse
length and ¢ the sound speed.

Under the assumption of uniform
random distributions, we can express the
effective ensonified volume as an integral
in the following form:

V<B*>= (BB dV
\%

where B is the beam pattern function and
V is the volume. We can express the
differential volume in  spherica
coordinates as

av =r>Z dw
2
where dW is the spherical solid angle.

Thus,

4n

Ct
V< B’ >:r2? (BB dw.
0

It is necessary to specify the transducer
beam pattern to go any farther.

TAPS uses circular piston transducers.
The integral for this geometry can be
evaluated explicitly. Theresultis

A

58w
¢ o

where D is the diameter of the transducer
and

k:&
A

k=21
c

is the wavenumber (and here | is the
wavelength). So our estimate of the
effective ensonified volumeis

and our expression for the backscattered
intensity becomes

where the r? of the volume term canceled
some of the 1/r* spreading loss.

The factor h<R?> cannot be calcu-
lated—it is usually the factor we want to
measure with our system. It is so
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important that we give it a name of it's
own. The mean-squared reflectivity of a
unit volume of water containing scatterers
is cdled the volume backscattering
strength, Sv. Thus we can write

Sv = 10log(<R?>) + 10 log(<h>)

or the Volume Backscattering Strength is
equal to the mean target strength of the
critters plus ten times the logarithm of the
average number of critters in 1 cubic
meter.

If we define s, asthe linear equivalent
of Sv, then

s, =h <R*>.

The volume backscattering coefficient is
equal to the mean density of scatterers
times the mean-squared reflectivity of the
scatterers.

At this point, it is useful to convert the
backscattered intensity into what we
actually can measure — the voltage out of
our receiver. Our transducer has a
conversion efficiency in transducing the
pressure waves to voltage; call this factor
M. Then the output voltage for an input
pressure wave of amplitude Pis

V =MP

Our receiver amplifies the voltages out of
the transducer by about a factor of 4000
(give or take). We will assume here that
thisgainisincorporated into M.

Thus we can re-write our equation (for
almost the last time) as

! ct 4.853
(V) u M?gn{R) ———.
A N

Finally, we take logarithms of this
equation to cast it in the Sonar Equation
form,

V/ = SL+RS-20l0g(r)+Sv+K

where

\V =10log(<I>)
= 10 log(<V?>)

is the mean-squared voltage ouput of the
transducer over many independent pings,
SL isthe Source Level of the transducer,

RS =201og(M)

is the Receiving Sensitivity (plus gain) of
the transducer, r is the range to the region
causing scattering, and Sv is the Volume
Backscattering Strength. The factor K is
given by

Ct 4.853
K =10log(—) + 10l _—
9(=) +10l0g(— =)
or .
K =10l og(?) +7.7- DI

where DI is the directivity index” for our
circular piston transducers. K takes care of
adjusting for the fact that the actual
scattering volume is not 1 m® and this
factor embodies the assumptions we made
above (1) there are a large number of
scatterers and (2) the scatterers are
uniformly-randomly distributed.

Solving this equation for Sv, we have

Sv=V - (SL + RS- 20log(r) +K)

or

V=V -K,

where K, is a (range-dependent) system
constant. Thisisthe equation buried inside

TAPS-6. \/ iswhat TAPS measures, Sv
iswhat TAPS outputs.

It's time to step back and focus on
something that hasn't been emphasized
enough in the foregoing derivation.
Volume scattering is a random

* See Urick, 1967 and see the calibrations
sheet for your TAPS for values
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process. One ping provides absolutely
NO information. The measurement that we
can relate to the abundance of scatterersis
the mean value of the scattered intensity.
Like all random variates, this implies that
our measurements will approach closer
and closer to the true mean value as we
average more and more samples.

One way to obtain more samplesisto
sample echo intensities at the same range
over multiple pings. Pinging madly, we
could eventually arrive at an estimate that
was extremely close to the mean value we
desire. Until, that is, things changed.

Implicit in the notion of a mean value
is the concept of stationarity. In order for a
mean value to exist, the underlying
statistics of the process must remain the
same. For our Volume Backscatter
Strength to have any meaning, all of the
measurements must be taken from
essentialy the same mix and average
abundance of scatterers.

If you image atypical vertical profile
of zooplankton — especidly in light of
recent evidence of thin, intense layers of
phytoplankton and zooplankton on the
order of 10 cm —it will become clear that
this is a serious problem in acoustic
assessment. Sharp  gradients in
abundance, such as near a thermocline,
mean a non-stationary population. How
do we manage to get decent echo statistics
in such asituation?

WEell, the need is for statistically
independent samples of the back-
scattering. Samples from successive pings
are probably independent because of the
passage of time between pings, so that the
exact configuration of scatterers (relative
phases) has changed enough to make the
correlation between configurations small.
Thereis another way to get independent
samples, however.

At any instant of time, t, the echo
intensity is composed of scattered signals
from scatterers located in a spherical shell
of thickness cT/2. That is, the leading
edge of the transmitted ping has travelled

ct/2 meters out and ct/2 meters back to the
transducer. The trailling edge of our
transmit pulse (of duration T) has travelled
c(t-T)/2 meters out and c(t-T)/2 meters
back to the transducer. So the echoes that
aremaking up the echo intensity at this
instant arise from a shell whose farthest
edgeis ct/2 away and whose nearest edge
is c(t-T)/2 away; thus the thickness is
cT/2.

At time t+T/2, haf a transmit pulse
length later, the near edge of the shell of
scatterersis at ct/2 and the far edge is at
c(t+T)/2 away. And this shell contains NO
scatterers from the previous shell. Thus,
echo samples at intervals of T/2 are
independent samples. Ahal

In CAST MODE, TAPS takes
advantage of the independence of
sequential samples by sampling severa
times on each ping and averaging the
intengities of these samples. Averaging
again over N pings increases the number
of independent samples even more. Then,
in data processing, binning the data into
range bins averages several data sets to
obtain even more samples so that the mean
value tends closer to the ‘true’ value.
Thus, CAST MODE data can get by with
relatively few pings per average—on the
order of 4-12, say.

In SOUNDER MODE, TAPS
averages echo intensities at discrete range
intervals, each sample is the average
intensity measured at fixed range over the
N ping cycles. Since the only averaging is
done over pings, we need a fairly large
number of pings—16-32 or even
more—to obtain reasonably accurate mean
values.

So what's to stop us from taking
several hundred pings to get even better
averages? Well, nature. Or more properly,
stationarity. In CAST mode, it is
extremely unlikely that the vertica
structure of scattering is unchanging for
meters at atime. In fact, recent work has
shown orders of magnitude changes in
biomass over 10’'s of cm in depth in some
places. Detection and enumeration of such
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thin layers requires very slow descents
and rapid sampling times (or relatively few
pings per average).

Horizontal coherence distances for
zooplankton populations are not well
characterized but our experience with
SOUNDER data suggests that abundances
can change dgnificantly over time
intervals of minutes—again suggesting
rapid sampling and relatively few pings
per average are necessary to be able to
observe the variations that exist in nature.

So there is a trade-off to be made
between accuracy and resolution. Thisisa
choice you have to make. Keep thisfact in
mind, however. It is always possible after
the fact to bin datato increase the statistical
accuracy. It is never possible after the fact
to pick the data apart to increase the spatio-
temporal resolution.

INVERSION

Let’sreturn to the equation for s,. This
time, let us suppose that there are N,
scatterers of reflectivity R,, N, scatterers
of reflectivity R,, and so on. Let us write
I’ for the average relative backscattered
intensity (corrected for the incident
intensity and range losses). Then we can
write

'=NR+NR +. 4+ NR

where we assume there are n different
classes of scatterers. Note that even if we
knew the mean-squared reflectivities for
all of the scatterer classes, we could not
find the numbers of crittersin each class.
At best, we can find the total number of
scatterers if we know the overall mean-
squared reflectivity for al the scatterers.

But, suppose we make separate
measurements of the backscattered inten-
sities at, say, m different frequencies.
Then we could write the set of equations,

- 2 2 2
|-| = N-IR” + N2R22+ - NnRﬂ

2 2
l2 = NfRi2+ N R+ + NnR%Z

Im = N1R12m+ NZ'%m"'-""' NnR%m

Now we may be on to something.
This set of equations relates a set of
measured values (the rel ative backscattered
intensities) to a set of unknown quantities
(the numbers of scatterers in each class)
through a set of possibly-knowable
parameters (the mean-square reflectivities
or target strengths). If we can somehow
come up with the R’s, it may be possible
to solve for theN’s.

Actualy implementing a solution
entails a number of problems. In no
particular order, these problems include:
(1) coming up with a scattering model so
that we can cdculate the R values,; (2)
selecting the set of frequencies—number
and values—that will best estimate the
abundances of some range of critter
classes, (3) developing a computational
solution method that is sufficiently
accurate and rapid; (4) understanding the
sources and effects of errors.

METHODS

The equations derived above form alinear
set of m equationsin n unknowns. Given
plausble estimates for the scattering

strengths of the various sizes, R, it ought

to be possible to estimate the vector of
sizes, N by some form of inversion.

Solution of sets of linear equationsisa
branch of mathematics that provoked alot
of interest in the 1970's (in search of
solutionsto similar problems arising out
of geophysics). Severa methods for
dedling with this set of equations were
developed, some with very interesting
names (Most Squares, Edgehog, etc.).

10
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In solving any set of equations, oneis
first interested in whether or not a solution
exists at all, then with the uniqueness of
the solution (or solutions), last with the
quality of the answer.

Our set of equations resemble a
discrete version of the Fredholm Equation
of the first kind. This equation has the
unhappy distinction of being what iscalled
an ill-posed problem. Basicaly, this
means that simple solutions to these
equations can include highly magnified
versions of the inevitable input errors. Our
goal, then, is to find a way to generate
solutions that do not magnify errors any
more than is absolutely necessary.

The familiar technique of Least-
Squares is one method for obtaining a
solution while minimizing errors. By a
complicated path, one obtains a single
solution that minimizes what is called the
Euclidean length of the unknown vector,
[IN|]. If, that is, there are as many as or
more equations than unknowns (M3 n).

Since we are limited to six frequencies
in the TAPS-6, this would limit us to
solving for at most five size classes (plus
total abundance).

It is possible to solve our set of
eguations when there are more unknowns
than equations (m<n). The problem,
however, is that there is more than one
solution. There are infinitely many
solutions! Oh, my. Thisis not good.

But, of course, there is some hope.
The origina problem can be written in
matrix form as

I=RN

where | is the vector of measured
backscattered intensities, R isthe matrix of
scattering model squared-reflectivities, and
N is the (unknown) vector of abundances
vrs size (size-abundances). For m<n this
problem has too many solutions. But what
if we solve another, hopefully similar
problem instead:

d 3 éRueN ¢
8.0 ERHaEN,H
where we have added rows to the vectors

and scattering matrix to make n=m. We
can take

R, =1 I

wherel isthe identity matrix and here we
areusing | as a constant. We generdly
take 10 to be zeroes which expresses a
preference  for the minimum-length
solution (fewest number of scatterersto fit
the measured data). Thus the problem
becomes

| ~ ,R AN
du_é Lé[N]
OH &l
This technigque, known as the Levenberg-
Marquardt method, lets you talor a
solution viathe parameter, 1. And since
n=m, we can get an ‘unique
solution—one for every valueof | we try.
It turns out that solutions using large
values of | produce solutions with small
valuesfor N but fairly large discrepancies
between the input data and intensities
calculated from the solution vector, N, and
the model. Smal values of | produce

solutions with larger values for N and
smaller discrepancies.

Conceptually, one desires to jointly
minimize the size of the solution vector (a
sort of Occum’s Razor principle) and the
estimated error (RNORM in our Matlab
version of the inverse). In practice, one
normally finds a reasonable value that
gives pleasing results and uses it until
circumstances force another |ook.

Let’stake amore detailed look at R, the
scattering model matrix. We hinted that the
R termsin the equation

=N R ANR

11
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were the same model and differed only in
the size term. In fact, there is nothing to
limit the scope of the models. We can
build a model matrix that consists of
several models combined. We can re-write
this equation to make this explicit:

II:N1R12+N2R22+"'+Nn1RnZ1+
NS +N S +.+N_S +

ni+l nl+l ni+n2  nl+n2

N T +N_T° +..

nl+n2+1  nl+n2+1 nl+n2+2 nl+n2+2

+N T

nl+n2+n3  nl+n2+n3

where R is one sort of model, S models
another organism, and T is yet another
model. The first n, terms of the solution
vector, N, would be the abundances of
organisms modedlled by R, the next n,
terms would be the abundances of
organisms modelled by S, and the last n,
terms the abundances of the organsims
modelled by T.

Simple solutions to these equations
using least-squares can produce some
surprising results. It is quite possible to
obtain negative numbers of scatterers at
some sizes. While mathematically
satisfactory, this sort of result is clearly
unrealistic.

We can add a constraint to the problem
without affecting the accuracy of the
solutions,

N30

for all i. One agorithm for solving the set
of equations with this constraint is called
Non-Negative Least Squares (NNLS;
Lawson and Hanson, 1974). This
algorithm has been incorporated into
Matlab and is the one we use in our
inversion programs.

SCATTERING MODELS
There have been a couple of methods

used to develop scattering models for
marine organisms. Physics-based model

development generaly starts with some
simplified assumptions about the physical
composition of the organism, represents
the organism shape in  some
mathematically smplified way, and then
solves this abstract model for it's
acoustical scattering properties. Validation
of such a model usualy involves
comparing the model predictions to
laboratory  measurements of  target
strength. Examples of physics-based
models range from the purely geometric
fluid sphere model (a version of which we
use for copepods and similarly-shaped

zooplankters) through the adaptive-
geometry of Tim Stanton’s truncated,
rough fluid cylinder model for
euphausiids.

Empirical model development, on the
other hand, relies amost completely on
actual measurements and uses modeling
methods largely to organize and
parameterize the empirical data. The best
example of thisis Love' s (1977) models
for Target Strengths of fish.

Anderson (1950) published a solution
for scattering from a fluid sphere and
suggested that this model might find usein
predicting target strengths for marine
zooplankters. We will use this model as an
example of physics-driven  model
development (and also because we use a
variant of this quite heavily).

Anderson’s model solved for the
scattered wave from the fluid sphere in
terms of ‘modes of vibration of the
sphere. That is, he solved the differential
equations for the scattering problem in
terms of a sum of oscillatory terms that
can be shown to have physical analogs
with simple radiators.

You are dready familiar with one
mode from our simple source. As the
sphere expands and contracts, sound is
generated in the surrounding fluid. This
mode, the “zeroth” order or Monopole
mode, can also be excited by sound
impinging on the sphere. As you might
imagine, the amount that the sphere will
contract and expand, as the pressure wave

12
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passing by it goes positive and negative,
depends upon the relative compressibility
of the sphere compared to water.

But unless the sphere follows the
motion of the surrounding water precisely,
the difference between the actud
contraction and expansion of the sphere
and the contraction and expansion it would
have experienced were it composed of
water, can be thought of as a source of
sound waves. Thus, we say that the
sphere reflects some of the incident sound.

Softer spheres made, say, of air, will
contract and expand much more than
would spheres made, say, of steel. Thus,
the sound radiated by the Monopole mode
of scattering depends on the compres-
sibility of the sphere compared to water.

The next mode of oscillation (and
scattering) is due to the forces applied to
the sphere by the pressure wave causing
accelerations in the direction of the sound
wave stravel. The water particles move as
the sound wave passes by, sloshing gently
to and fro as the locd pressure excess

Target Strength of a 1Imm copepod versus Frequency

goes positive and negative. The sphere
also partakes of this motion but may move
more or less as far and more or less as fast
as the water particles depending upon the
relative density of the sphere compared to
the water. A dense sphere will move more
dowly than and lag behind the water
particles, alight sphere would move more
rapidly and race ahead of the water
particles. In fact, abubble of air can move
3 times as fast as the water under
ensonification.

Agan, the difference between the
actual motion of the sphere and the motion
it would have experienced were it made of
water can be thought of as a source of
sound waves. This scattering mode is
known as the Dipole mode.

Higher modes of scattering exist.
These modes involve oscillations of the
surface of the sphere such that an integral
number of oscillations will fit on the
surface (while the sphere is expanding and
contracting and moving back and forth!).
These modes depend critically upon the
spherical geometry of the scatterer and the
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Figure 2. Target Strength of a 1mm copepod versus frequency. The upper curveisthe
truncated Anderson fluid sphere model that can be used to model scatteres such as
copepods; the lower curveisthe full modal expansion of this model applicable to perfect

spheres.
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frequency of the incident sound waves. If
a scatterer is not spherical, however, itis
unlikely that these modes will exist. If the
scatterer is sort of spherical (not signif-
icantly elongate, for example), thenisis
probable that the low-order modes (0,1)
would exist but that the higher-order
modes would not. This is the thinking
that led usto try atruncated fluid sphere
model as an analog for small zooplankters
like copepods.

The amplitude of the scattering from
afluid sphere (truncated or full) depends
upon several factors. the size of the
sphere (radius, a) relaive to the

wavelength (I ) of the incident sound, the
relative density of the sphere to that of the

surrounding water (g = r Jr ), and the
relative compressibility of the sphere to

that of the surrounding water (h=kJk,,).

The compressibility of afluid, k, can
be expressed in adifferent form, viz

K =/pc

wherer isthe density and c is the sound
speed. Substituting this expression into
that for h, we get the pair of relations

g=rdr,
h=cJc,.

So the reflectivity of the sphere is a
function of the relative density and sound
speed of the sphere to that of the
surrounding water.

But what if the sphere is not fluid-
like? We define afluid by it’ sinability to
support shear waves — waves that have
particle motion across the direction of
wave motion. Materias that do support
shear waves are cdled elastic. Most
zooplankton appear to be more fluid-like
than elastic but there are certainly counter-
examples. Think, for example, of
pteropods. Models for eastic scatterers
exist, both geometric and for marine

organisms. These require another
physical property (in addition to size, g,
and h) to represent the conversion of
longitudinal waves — the ones we have
been considering up to this point — into
shear waves and vice versa.

Or what if the scatterer is not a
sphere? Elongate organisms such as
euphausiids, mysids, shrimp,
chaetognaths, etc. are common in the
ocean. Models for these organisms do
exist, however they are more empirical in
nature due to the non-geometric shapes of
these organisms.

A clever method for approximating
the backscattering from odd-shaped fluid-
like organisms was developed by Tim
Stanton (now at WHOI). Based upon the
Born Approximation, he came up with a
way to estimate the scattered field from
irregular, elongate fluid scatterers like
euphausiids and shrimp. Guided by
measurements, he was able to construct
models for backscattering of redligtic
shrimp. He has also constructed models
for elastic scatterers such as pteropods.
References to his papers are included
below.

Onefeature of interest in backscattering
from eongate scatterers is  ther
directionality. That is, the Target Strength
depends upon the angle at which the
scatterer is viewed. The figure below
shows echo amplitudes for a preserved
euphausiid measured in atest tank. The
specimen was attached to afine nylon line
that was attached to a rotator. Echoes
were sampled as the specimen rotated and
the results plotted on chart paper (I took
these datain 1980!).

The maximum valuesfor TS occur at side
aspect when the axis of the animal is at
right angles to the transducer.
Everywhere else, the TS is 20 dB or
more lower. Now this particular
specimen  was sdected  for  its
straightness; live euphausiids are rarely
this straight. But the point should be
clear—models for elongate scatterers are
going to have to include some parameters
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Measured echo amplitudes for a 19.8mm preserved Euphausia pacifica at three frequencies
as afunction of aspect angle. Estimates of Target Strength in dB are given on the right

abcissa

that account for the directional properties
of these scatterers.

One thing to keep in mind: TAPS in
CAST mode measures the scattering from
about a 2 liter effective volume. In a
volume of seawater of this size, one
might expect to find 10's to 100's or
more of copepods. In very dense swarms
of euphausiids, one might see one
euphausiid every 4-10 samples;, normal
distributions might produce one every 25-
100 samples. Larval fish might appear in
one out of 100-1000 samples, and so

forth. The small sample volume of TAPS
tends to exclude the rare larger scatterers
from the measurements— BY DESIGN.

This is not the case in SOUNDER
mode, however. Sample volumes can be
a cubic meter or more at long range and
scattering can be dominated by fish,
mysids, or smilar organisms. In these
cases, you must choose your models with
care and account for any behavior-driven
factors such as average aspect angle.
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VOLUME SCATTERING DERIVATION
(an appendix to Appendix 2)

Canoni cal theories of reverberant echo formation have been
devel oped by several authors (Cron and Schumacher, 1964; Faure 1964;
O ' shevskii 1964; M ddleton 1972). These theories are simlar, being
based upon sim | ar assunptions, but differ in the degree of conplexity
of the results. The goal of those studies was to estimate statistica
and/ or spectral properties of volune reverberation; detail ed expansions
of the fundanmental equations were not presented. In this note, the
physical scattering equations are derived and extended to express
expected val ues for higher noments of the reverberation echoes. These
expressions are conpared with the theoretical expectations for the
i nportant cases of few and nany scatterers

Consider a single, isolated scatterer of reflectivity R located
in an infinite honogeneous medium at the point (r,qg, @) in sone set of
spherical coordinates. W insonify this scatterer with a tone burst of
duration t, anplitude Py B (q,2)/r, and frequency f. The term B' (q, 2)

describes the directivity of the transducer, which is located at the
origin. Neglecting absorption | osses, the echo voltage at the output of
the receiving transducer, with sensitivity M at tinet is

V(t) = MPgRB(q, 2)+exp-j(wt - kr)/r2

for tinmes t such that ct/2 <r < c(t+t)/2. The beanpattern functions

for transmt and receive are conbined into the factor B(q, 2). Al so,
w=2Pf, and k=2P/1, where | is the wavelength. Standard notation for
conplex variables is assuned. |In particular, if we wite

V(t) = A exp-j(wt + F)

then the actual voltage is a sine wave of RMS anplitude A and phase F.

The value of V(t) at any instant l|ies between JVE A and +VE A and the
average value is zero.

The echo voltage produced at time t for N scatterers located in
the range slice producing reverberation can be witten as a sumof terns
like those above -- so long as each scatterer is weak and multiple
scattering effects can be neglected -- giving

N
V(t) = MP, & RB(q, ) exp-j (wt+kr)/r 2
1=1

or

MP _ exp(- ikr) &
V(t) » = rE’( J )a RBexp(j F)
=1

where in the second expression we have assumed r >> ct/2 and sinplified
the notation for B. The phase termis rewitten as fluctuations around
the nean value, kr, and denoted F. Under realistic nmeasurenent
conditions it is reasonable to expect that the nunmber of scatterers in a
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predefined range interval as well as their relative locations will vary

over time. |f the number of scatterers changes, the distributions of
reflectivities will likely change as well. Thus, all of the quantities
associated with the summation are variables; We assert, from
experience, that they will be random variables and assume that, over
nmeasurenent scales of interest, they are stationary as well. In
general, linear transformation of stationary random vari ables yields a

stationary random process, so we further assune that V(t) is a nenber of
a set of stationary random vari abl es.

Each measurenent of the scattered pressure at time t from a
representative arrangenent and nunber of scatterers is unique, since the
voltage is a random vari able. Hence, it is appropriate to exan ne
ensenbl e averages of replicated neasurenents of the reverberation
Using the formfor a random sum of random vari abl es we can cal cul ate the
expected val ue of the instantaneous scattered pressure as

<V(t)> = M Py<N> <R> <B> <exp (j F)>/r2

where we nake the pl ausible assunption that the nunmber, |ocation, and
reflectivities of the scatterers are uncorrelated. The notation <e> is
used to denote expected value over an ensenble, thus <R> is the
expected value of the reflectivity of all scatterers which might be
found in the scattering region. The term<B> is the expected val ue of
the effect of the beam pattern(s) of the transducer(s) due to the
spatial arrangenent of the scatterers. This term involves ngjor
assunptions to calculate explicitly. |If the relative |locations of the
scatterers are uncorrelated (there is no rigid pattern), then the phases
of the individual echoes wll also be uncorrelated. This will
invariably be the case in real neasurenents at sea and leads to the
concl usion that the expected val ue of the instantaneous echo voltage is
zero.

The instantaneous intensity of the reverberation is proportiona
to the square of the voltage, viz.

L(t) pVE)V(t)
NoJ
I(t) = M2 1o ad @ RRm B Bmexpj (Fi-Fp

1=1T m~l

where I g is the intensity of the projected pulse. This expression can
be expanded into terns for I=mand It m

o) Y o, . 6
(1) =16 (Mr9)2 €3 RB’+a a RR.BB, epj(F - )
l=m 1t m

Taki ng the ensenble average, the expected value of the instantaneous
reverberation intensity is

<L (t)> = 1 oM 1r2)2 <N> <R%> <B2> + <N2- N> <R>2 <B>2 <expj (Fi- Fm) >

If we nake the assunption again that the relative phases of the
i ndi vi dual echoes are uncorrel ated, then
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<L(t)> » oM r2)2 <N> <RZ2> <B2>

and the average (RM5) scattered intensity is proportional to the average
nunber of scatterers and their average scattering strength. |If there is
any degree of correlation between the scatterer |ocations, the second
term may not be negligible and the sinple result above will not hol d.
Experiments on school ed and/or caged fish suggest that this effect, if
present, is overshadowed by attenuation effects at the edges of the
school and/or nultiple-scattering.

The second nonent of the intensity can be calculated in the sanme
manner as above. Skipping the details,

<L2@M)>=1,2(Mr2)4 (<N>< R ><B’ >+ <2N?- N>< R >°< Bz>2)

if the relative phases are assuned uncorrelated. Wth the second nonment
of the intensity we can cal culate the expected val ue of the variance,

S|2(t) = <12 (t)> - <I(t)>2
= 192 (Mr2)4 {<N> <Rd> <B4 + <N2-N> <RZ2>2 <B2>?}

The expressions for average value and variance of the scattered
intensity involve various nonents of N, the number of scatterers in the
i nsonified volune, and B, the beanpattern function evaluated at the
| ocations of the (randomy distributed) scatterers. The nonments of both
quantities are |inked through the spatial distribution function which
describes the spatial |ocations of the scatterers. Explicit expressions

for <I(t)> and S|2(t) cannot be calculated until the nonents of N and B

can be determ ned. This requires assunption of a spatial distribution
for the scatterers.

Note, however, that so long as the distribution of scatterers and
scatterer reflectivities remains constant (over sequential neasurenents)

the mean intensity will be proportional to the number of
scatterers, although the constant of proportionality mght change
The nmmjor effect of wunusual distributions will be to increase the

variance of the intensity measurenents.

The nost comon hypothesis about spatial patterns of marine
organisns is that they distribute within given volunes according to the
Poi sson distribution. Objects distributed in this way are said to be
uniformy distributed in 3-space. The probability density function for
t he Poisson distribution is

P(N) = (hV) exp(-hV)/N

where P(N) is the probability of finding exactly N objects (scatterers)
in a volune of space V and h is the average nunber of objects per unit
volume. |If we assune that the scatterers producing reverberation are
distributed uniformy, at least within the regions of interest, then we
can cal cul ate the required noments of N and B. The nonents of N are

<N> = hV

and
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<N2> = (hV)2 +hV.
The nmonments of B can be calculated from

p 2p
<B"(0@)> =§ § B"(ao) p(ae) dedqg
0O o0

where p(qg@) is the probability density function of scatterers in volune
el emrents, DV, centered at (9@, nornalized by the total nunber of
scatterers in the spherical shell of vol une

V = (4p/3) ct/2.

Since the nunber of objects in DV is hDV and the total nunber of objects
is hV, we can wite

nbV  pv
p(ae) q BV

or, in ternms of the angular differentials

p(q@) dedq = 43_p sinqdgdaq.

Hence the noments of B(q@) are found from

P 2p
3 , .
<Bn(q,ﬂ)>=ﬁ § § B"aqeg) singdeda
0O O

Gven a functional form for the directivity pattern of the conbined
response of a transducer, and assuming a wuniform distribution of
scatterers, we can calculate all the required nmonents of B.

Substituting for V and <B%> into the expression for the expected
val ue of the scattered intensity, we obtain

2
2 o o P

lo M
° h <R2> > 8 § B2(@) sinqgdedag.
O O

<I(t)> =

Taking |l ogarithms, this can be put into the sonar equation form
RL = SL+RS-20logr + Sv + 10 log(ct/2) + 10 log(4p) - Jv
wher e
RL = 10 log V2(t) is the reverberation level in dB,

SL =10 1og Ig is the source |evel,

RS = 10 log Mis the receiving sensitivity,

20



Appendix 2: Basic Acoustics

Sv = 10 log (h<R2>)is the volune scattering strength,

and

4p (j

%}

Jv = 10 | og

o BLE

§ B2@@) sin q do dq
(o]

is the directivity index for reverberation. This equation is identical
to that presented by Urick (1967), a not surprising result since quite
simlar assunptions are made here. Note that the definition of Sv in
terms of the average target strength and average nunerical density of
scatterers is valid in general, but calculation of Sv from neasured
scattering levels requires estimation of the beanpattern effects. This
correction factor is, in turn, dependent upon the spatial distribution
assuned for the scatterers. Pat chy and/or aggregated patterns of
scatterers within resolved scattering volunes are inconsistent with this
devel opnent and these results would not apply.

For practical transducers, there are sinpler expressions for the
last two terns of the equation for RL. For exanple, if the transducer
is acircular piston element of dianeter, D, then

RL = SL+RS-201logr + Sv + 10 log(ct/2) + 10 | og(4.853/kD)

where k is the wavenunber, k=2pf/c. If the Directivity Index (D) for
the piston transducer is known, then we can wite

RL = SL+RS-201logr + Sv + 10 log(ct/2) + 7.7 — DI.

By heuristic argunents, we can derive the probability density

functions for signals simlar to volume reverberation echoes. These
expectations would apply to the linmting case of volume scattering, with
all of the assunptions above plus the additional assunption of
relatively nmany scatterers in the insonified volune. These
di stributions can be considered as sufficient conditions for acceptance
of an echo process as volune scattering but, as will be shown, they are
not necessary. Testing against these distributions constitutes a

conservative test for volune scattering

Consider a general scattered field conposed of a nunber M of
i ndependent contributions fromindividual scatterers. W can wite the
total field, E, as a sum of quadrature conponents

M M
o) )
E=ax + jayv
i=1 i=1
and in polar form as
E = Aexp (jF).
By the central linmit theorem the probability density function of a sum
of M independent random vari abl es approaches the normal distribution as
M grows | arge. If we assunme that the quadrature conponents are
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i ndependent random vari abl es, whatever their distribution, then we can
treat the sums of the quadrature conponents as random vari ables from a
normal popul ati on. It is reasonable to further assume that these
guantities are zero-nean and have equal variance. Wth the definitions

M
[o]
X = a X
i=1
M
o]
Y = aA Vi
i=1
A = \VX2+Y2
F = tan"l (VX

it is straightforward to show that the probability density function for
the RVS anplitude, A, is the Rayleigh distribution

A
P(A) = —exp - (A% a?)
o

where a is a paranmeter, and that the phases are uniformy distributed
over -p/2 top/2. The nean and variance for A are easily cal cul ated

<A>:a\/_122

- (n-By;52
SA—(22)a

The probability density function for the intensity, | = A2 can be
obt ai ned from P(A)

P(1) = 1 exp -(A%/a?)
2a?

which is the exponential distribution. Some of the noments of the
intensity are

<|>:23_2

<I2> = 8 a4
and t hevarianceis

S| = 4a%
It is occasionally useful to treat averages of |og neasures. The
probability density function for S = 10 log (l) can be obtained
(M khal evsky 1979) fromthe equations above, giving
1 a &S &
P(S) = exp .— - expy—
(9 7 ZEZPeE " 242 % PeEm
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where E =4.343.... is a constant. The nean and variance of S are
<S> = logip (2A2)-E @
Ss = E2p?/ 6

where (= .57721... is Euler's constant. It is interesting to note that

the variance of | og averages is a constant, independent of the Rayleigh
par aneter.

The degree to which actual volunme scattering approaches the
limting case can be seen by inspecting conparable neasures for both
cases. For exanple, the ratio S;/<I>2 has the value 1 for the case of
Rayl ei gh statistics. The value cal cul ated from physical scattering is

5 _ L <R4> <B%>
VAR (I)/<I>2 = 1+ @ =77 nrie
It is clear that this ratio will approach the limting value of one as
t he number of scatterers increases, independently of the properties of
the scatterers as expressed in the monments of R and B. In other words,
a uniform random distribution is not necessary to obtain
Rayl ei gh statistics for the scattered signals, although we cannot

cal culate quantities like Sv without knowl edge of the
di stribution. |In addition, this result also shows that the limting
value of wvariance is a mninum value. Experimental data would be

expected to vary about this value only when the nunber of scatterers
insonified is |arge.

Observation of a quantity like VAR (I)/<I>2 is one way to
experimentally verify that volume scattering conditions apply. So |ong
as neasured values of this quantity (or a related one) are within a
statistically valid range about the expected value, scattering data can
be assuned to arise fromvolume scattering

The last equation also suggests a way to roughly estimate the
number of scatterers, if plausible approximtions for the distribution
of reflectivities and spatial pattern can be made. For exanple, if the
scatterers are assuned to be distributed according to the Poisson
hypot hesis, the factor <B%>/<B2>2 can be calculated explicitly. Suppose
the transducer were a circular piston with dianmeter/wavel ength = D, then
<B%>/<B?>2 = 2.54 D?. The ratio <R#>/<R?> might vary from 1 (constant
reflectivity) to perhaps 6 (exponential distribution). Experinments on
scattering fromindividual fish suggest that a Rayleigh distribution is
not a bad fit to echo anplitudes, whence <R>/<R?>2 » 2 night be a
reasonabl e estimate. Using these exanple estinates,

_1+2-. 254 D2
VAR (1)/<1>2 - 1

This estimate can only be nmade when the variance ratio is greater than
unity, obviously, corresponding to situations where the nunber of
scatterers is not large. The attractive feature of this estinmate is the
i ndependence from calibration factors of any kind, other than the
assunptions about the nature and distribution of the scatterers. A
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exposition was published by WI hel nj

and Denbi gh, et. al (1991).

and Denbi gh et al

(1984)
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